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Abstract
Modeling and computing of trivariate parametric volumes is an important research topic in the field of three-dimensional isogeo-
metric analysis. In this paper, we propose two kinds of exact conversion approaches from Bézier tetrahedra to Bézier hexahedra
with the same degree by reparametrization technique. In the first method, a Bézier tetrahedron is converted into a degenerate
Bézier hexahedron, and in the second approach, a non-degenerate Bézier tetrahedron is converted into four non-degenerate Bézier
hexahedra. For the proposed methods, explicit formulas are given to compute the control points of the resulting tensor-product
Bézier hexahedra. Furthermore, in the second method, we prove that tetrahedral spline solids with Ck-continuity can be con-
verted into a set of tensor-product Bézier volumes with Gk-continuity. The proposed methods can be used for the volumetric data
exchange problems between different trivariate spline representations in CAD/CAE. Several experimental results are presented
to show the effectiveness of the proposed methods.
1 Introduction
Computer Aided Design and Computer Aided Engineering (CAD/CAE for short) play important roles in advanced manufacturing.
A main challenge in this area is the seamless integration of CAD/CAE techniques, numeric simulation and shape optimization.
Unified mathematical representation of CAD/CAE geometry is one of the ten CAD challenges from the viewpoint of CAD
researchers. Isogeometric analysis (IGA for short) approach originally proposed by Hughes et al. [14] provides a possibility to
overcome the gap between CAD and finite element analysis by using the same NURBS representation for all design and analysis
tasks.
In three-dimensional isogeometric analysis, trivariate spline modeling plays a key role as a geometric foundation for numerical
solving. Trivariate NURBS solids and trivariate T-spline solids have been used as modeling and numerical tools in isogeometric
modeling and solving. However, because of their tensor-product structure, trivariate NURBS and T-spline solids have some
limitations on the construction of analysis-suitable volumetric parameterizations from arbitrary complex geometries. Recently,
some kinds of geometry models consisting of Bézier triangles and Bézier tetrahedra [15, 25, 7, 28], which can represent complicated
geometry with arbitrary topology, are employed in isogeometric analysis to overcome the limitations of trivariate NURBS and
T-splines. On the other hand, since Bézier triangles and Bézier tetrahedra are not the standard forms in CAD/CAE systems,
some data exchange operations have to be performed to make the geometry and field data compatible. Data exchange between
different kinds of curves and surfaces has been studied in some previous works [5, 12, 13]. However, there are few works on the
exact conversion between different kinds of trivariate solid representations.
Motivated by the issue on volumetric data exchange, the exact conversion approach from Bézier tetrahedra to Bézier hexahedra
is investigated in this paper. Our main contributions can be summarized as follows:
• Two kinds of exact conversion approach from Bézier tetrahedra to Bézier hexahedra with the same degree are proposed
based on reparametrization techniques. In the first method, a Bézier tetrahedron is converted into a degenerate Bézier
hexahedron, and in the second approach, a non-degenerate Bézier tetrahedron is converted into four non-degenerate Bézier
hexahedra.
• Explicit formula is given to compute the control points of the resulting tensor-product Bézier hexahedra, and the properties
of the exact conversion approach are also described.
The rest of the paper is structured as follows. Related works are reviewed in Section 2. Preliminary knowledges of tetrahedral
Bézier volume and tensor-product Bézier volumes are given in Section 3. The exact conversion method from a Bézier tetrahedron
to a degenerate Bézier hexahedron is described in 4. Then the exact conversion from a non-degenerate Bézier tetrahedron to
four non-degenerate Bézier hexahedra is studied in Section 5. To demonstrate the effectiveness of the proposed method, the
experimental results are also presented in Section 4 and Section 5. Finally, we conclude this paper and outline future work in
Section 6.
2 Related work
In this section, some related works on conversion between Bézier forms, volumetric modeling and tetrahedral splines in isogeometric
analysis will be reviewed.
Conversion between Bézier forms In CAD systems, data exchange between different CAD formats plays an important
role. A method of converting a triangular B-B surface into a trimmed patch of a tensor-product Bézier surface is proposed in
[3]. Goldman and Filip proposed an explicit formula from a tensor-product Bézier surface of degree m × n into two triangular
B-B surfaces of degree m + n [9]. DeRose et al. [5] proposed a conversion method between different Bézier forms by functional
composition algorithm with blossoming technique[6, 18]. Exact conversions from triangular B-B surfaces to tensor-product Bézier
surfaces with the same degree are investigated in [12, 13].
Volumetric Modeling in IGA For three-dimensional isogeometric analysis, volumetric modeling from input boundary is a
key issue to construct the parameterization of computational domain [29, 30]. Martin et al. [19] proposed a B-spline volume
fitting method for triangular meshes based on volumetric harmonic functions. M. Aigner et al proposed a variational approach for
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constructing NURBS parameterizations of swept volumes [1]. A method is proposed to construct trivariate T-spline parameteri-
zations by tetrahedral meshing and mesh untangling techniques [8]. Xu et al. proposed a constrained optimization approach for
analysis-suitable volume parameterizations [33]. Pettersen and Skytt proposed the spline volume faring method to achieve high-
quality volume parameterization [22]. An efficient approach to construct injective solid T-splines for genus-zero geometries from
a boundary triangulation is proposed in [36]. In [34], A variational harmonic method is proposed to construct analysis-suitable
parameterizations of computational domain . Constructing conformal solid T-splines from boundary T-spline representations
is investigated by using octree structure and boundary offset operation [37]. Wang and Qian proposed an efficient method by
combining divide-and-conquer, constraint aggregation and the hierarchical optimization techniques to construct valid trivariate
B-spline solids from six boundary B-spline surfaces [27]. Analysis-suitable trivariate NURBS representations of composite panels is
constructed with a new curve/surface offset algorithm [21]. Xu et al. proposed a two-stages scheme to construct analysis-suitable
volumetric parameterization by a uniformity-improved boundary reparameterization approach [35]. A volumetric parameteriza-
tion method with PHT-splines from the level-set boundary representation is proposed in [4]. For a set of models with similar
semantic features, B-spline based consistent volumetric parameterization from a given template domain is proposed in [31].
Tetrahedral splines in IGA Compared with the tensor-product splines, tetrahedral splines can represent complex geometry
with arbitrary topology. Alfeld derived a C1 tetrahedral Clough-Tocher spline which yields an interpolant that is piecewise quintic
on each tetrahedron [2]. A C1 quadratic trivariate macro-element space defined over arbitrary tetrahedral partitions is studied in
[23]. Hecklin et al. described an algorithm for constructing a Lagrange interpolation pair based on C1 cubic splines defined on
tetrahedral partitions[11]. Speleers [24] proposed a method of constructing a normalized basis for the multivariate quadratic spline
space defined over a generalized Powell-Sabin refinement of a triangulation in Rs, s ≥ 1. Lai and Matt proposed an approach
to construct a C1 trivariate macro-element based on the Alfeld split of tetrahedra [16]. To overcome the limitations of trivariate
NURBS and T-splines, Engvall and Evans proposed a new IGA framework by using unstructured Bernstein-Bézier discretizations
and trivariate mixed-elements [7]. Given a NURBS represented geometry, Xia and Qian proposed a general framework for
automatic volumetric parameterization with Bézier tetrahedral partition [28]. Furthermore, optimal convergence in Cr spaces can
be achieved and complicated geometries can be handled. To achieve volumetric data-exchange between different CAD formats,
in this paper we propose two kinds of exact conversion approaches from Bézier tetrahedra to Bézier hexahedra.
3 Tetrahedral Bézier volume and tensor-product Bézier volume
3.1 Tensor-product Bézier volume
A tensor-product trivariate Bézier volume of degree n× n× n with control points Pi,j,k is defined by



























0 ≤ r ≤ 1, 0 ≤ s ≤ 1, 0 ≤ t ≤ 1.
3.2 Tetrahedral Bézier volume
A tetrahedral Bézier volume of degree n with control points Ti,j,k,l is defined by
T(u, v, w, h) =
∑
i+j+k+l=n
Ti,j,k,lBni,j,k,l(u, v, w, h) (2)
in which
Bni,j,k,l(u, v, w, h) =
( n




u+ v + w + h = 1, 0 ≤ u, v, w, h ≤ 1.
Since u+ v + w + h = 1, we can rewrite the definition of a tetrahedral Bézier volume as follows
T(u, v, w) =
n∑
i+j+k=0
Ti,j,kBni,j,k,n−i−j−k(u, v, w, 1− u− v − w) (3)
Similar with the triangular Bézier surface [12, 13], we introduce some operators for tetrahedral Bézier volume as follows:
• The invariant operator I : ITi,j,k = Ti,j,k.
• The shifting operator Ei : E1Ti,j,k = Ti+1,j,k, E2Ti,j,k = Ti,j+1,k, E3Ti,j,k = Ti,j,k+1.
• The difference operator ∆i = Ei − I : ∆1Ti,j,k = Ti+1,j,k −Ti,j,k,∆2Ti,j,k = Ti,j+1,k −Ti,j,k,∆3Ti,j,k = Ti,j,k+1, −
Ti,j,k.
Using the above operators, the Bézier tetrahedron in (3) can be represented by
T(u, v, w) = (I + u∆1 + v∆2 + w∆3)nT000 (4)
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Figure 1: Parameter transformation ψ.
4 Converting a Bézier tetrahedron into a degenerate Bézier hexahedron
In this section, we will present the exact conversion method from a Bézier tetrahedron into a degenerate Bézier hexahedron.
4.1 Conversion method
Theorem 1. A Bézier tetrahedron T(u, v, w, h) of degree n can be converted into a degenerate Bézier hexahedron of degree























 , i+ j = 1, . . . , n, (6)
and An−m(m = 0, 1, · · · , n− 1) is defined as follows
An−m =




























Proof. The basis function Bni,j,k,l(u, v, w, h) of T(u, v, w, h) in (3) can be rewritten as follows
Bni,j,k,l(u, v, w, h) =
( n
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Motivated from (8), we define the following parameter transformation
ψ : r = u, s =
v





which converts the tetrahedral domain {(u, v, w)|0 ≤ u, v, w, u + v + w ≤ 1} into the hexahedral domain {(r, s, t)|0 ≤ r ≤ 1, 0 ≤
s ≤ 1, 0 ≤ t ≤ 1} as shown in Figure 1.
Substituting (9) into (8), we have







Hence, from (3), we have













(a) Original Bézier tetrahedron (b) Control lattice of Bézier tetrahedron
(c) Bézier hexahedron by exact conversion (d) Control lattice of Bézier hexahedron
Figure 2: Exact conversion from a Bézier tetrahedron to a degenerate Bézier hexahedron.










into degree n × n. From the degree-elevation matrix for the tensor product Bézier surfaces, we can get the explicit formula for
the control points of the Bézier hexahedron as shown in (5) and (6). This completes the proof.
Remark. Another proof of Theorem 1 can be given with the operator representation of T(u, v, w) in (4). Firstly, the
corresponding inverse transformation of ψ can be derived as follows
ψ−1 : u = r, v = (1− r)s, w = (1− r)(1− s)t, (11)
then by substituting (11) into (4), a similar conversion result can be obtained.
From Theorem 1, a Bézier tetrahedron can be considered as a special case of Bézier hexahedron. Furthermore, we can obtain
the sufficient and necessary condition for a Bézier hexahedron degenerating to a Bézier tetrahedron from Theorem 1.
Theorem 2. A Bézier hexahedron of degree n× n× n can be degenerated into a Bézier tetrahedron of degree n if and only if the
tensor-product Bézier surfaces of degree n×n determined by the control points on i-th column along two parametric directions(i.e,
u-direction and v-direction) degenerate to triangular Bézier surfaces of degree n− i, i = 1, 2, · · · , n.
4.2 Examples
The proposed conversion method described in Theorem 1 can be considered as a corner-cutting process with explicit geometric
meaning. That is, the control points of the Bézier hexahedron can be obtained by the corner-cutting operation on the control
points of Bézier tetrahedron in v and w direction. In the following, we will present an example with n = 3 to show the conversion
process.
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(a) Original Bézier tetrahedron (b) Control lattice of Bézier tetrahedron
(c) Bézier hexahedron after exact conversion (d)Control lattice of Bézier hexahedron
Figure 3: Exact conversion from a Bézier tetrahedron to a degenerate Bézier hexahedron.


















 ,A3 = [11
]
By using the above formulas for A1,A2,A3, we can compute the control points as follows
Q000 Q001 Q002 Q003
Q010 Q011 Q012 Q013
Q020 Q021 Q022 Q023


















P000 P001 P002 P003
P010 P011 P012 P013
P020 P021 P022 P023
P030 P031 P032 P033
 =

Q000 Q001 Q002 Q003
Q010 Q011 Q012 Q013
Q020 Q021 Q022 Q023
Q030 Q031 Q032 Q033
 .
Q100 Q101 Q102 Q103Q110 Q111 Q112 Q113










P100 P110 P102 P103
P110 P111 P112 P113
P120 P121 P122 P123
















Q200 Q201 Q202 Q203












P200 P201 P202 P203
P210 P211 P212 P213
P220 P221 P222 P223
P230 P231 P232 P233



























T300 T300 T300 T300
]
,
P300 P301 P302 P303
P310 P311 P312 P313
P320 P321 P322 P323
P330 P331 P332 P333
 = [A1A2A3Q300 A1A2A3Q301 A1A2A3Q302 A1A2A3Q303]T
=

T300 T300 T300 T300
T300 T300 T300 T300
T300 T300 T300 T300
T300 T300 T300 T300
 .
Figure 2 and Figure 3 illustrate two examples for the exact conversion from a Bézier tetrahedron to a degenerate Bézier
hexahedron.
5
Figure 4: Subdivide a tetrahedron into four hexahedra.
Figure 5: Parameter transformation φ.
5 Converting a Bézier tetrahedra into four Bézier hexahedras
In practice, degenerate representation has some limitations for geometric modeling and numerical analysis. Hence, it is more
interesting to achieve exact data conversion without degenerate representation. In this section, we will propose an exact conversion
method from a non-degenerate Bézier tetrahedron to non-degenerate four Bézier hexahedra.
5.1 Conversion method
Suppose that the non-degenerate Bézier tetrahedron T(u, v, w) is defined on a domain D = {(u, v, w)|0 ≤ u, v, w, u+ v + w ≤ 1}
as shown in (3). The parametric domain D can be subdivided into four hexahedral sub-domains D1, D2, D3 and D4 as shown
in Figure 4. The parametric surfaces with respect to the six planar faces with different colors in Figure 4 divide the Bézier
tetrahedron T(u, v, w) into four Bézier hexahedra.
In this section, we will present an explicit formula to compute the control points for each Bézier hexahedron.
Theorem 3. The trimmed volume of a Bézier tetrahedron T(u, v, w) defined on the sub-domain Di (i = 1, 2, 3, 4) with eight
vertexes (a1, b1, c1), (a7, b7, c7), · · · , (a8, b8, c8) as shown in Figure 5, can be represented as a Bézier hexahedron with degree


































) Qix1,x2,y1,y2,z1,z2 , (12)
where
Qix1,x2,y1,y2,z1,z2 = (I + a3∆1 + b3∆2 + c3∆3)
y1 (I + a4∆1 + b4∆2 + c4∆3)x1−y1
·(I + a1∆1 + b1∆2 + c1∆3)z1 (I + a2∆1 + b2∆2 + c2∆3)i−x1−z1
·(I + a7∆1 + b7∆2 + c7∆3)y2 (I + a8∆1 + b8∆2 + c8∆3)x2−y2
·(I + a5∆1 + b5∆2 + c5∆3)z2 (I + a6∆1 + b6∆2 + c6∆3)n−i−x2−z2T000
(13)
Proof. Firstly, we construct the following parameter transformation φ
u = r{s[a3t+ a4(1− t)] + (1− s)[a1t+ a2(1− t)]}+ (1− r){s[a7t+ a8(1− t)] + (1− s)[a5t+ a6(1− t)]}
v = r{s[b3t+ b4(1− t)] + (1− s)[b1t+ b2(1− t)]}+ (1− r){s[b7t+ b8(1− t)] + (1− s)[b5t+ b6(1− t)]}
w = r{s[c3t+ c4(1− t)] + (1− s)[c1t+ c2(1− t)]}+ (1− r){s[c7t+ c8(1− t)] + (1− s)[c5t+ c6(1− t)]}
(14)
The corresponding inverse transformation φ−1 transforms the sub-domain Di (i = 1, 2, 3, 4) with eight vertices (a1, b1, c1),
(a2, b2, c2), · · · , (a8, b8, c8) into a unit cube {r, s, t)|0 ≤ r, s, t ≤ 1} as shown in Figure 5.
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Then by substituting (14) to (4), we have
T(u, v, w) = (I + u∆1 + v∆2 + w∆3)nT000
= {I[(1− r) + r][(1− s) + s][(1− t) + t] + r{s[a3t+ a4(1− t)] + (1− s)[a1t+ a2(1− t)]}∆1
+(1− r){s[a7t+ a8(1− t)] + (1− s)[a5t+ a6(1− t)]}∆1
+r{s[b3t+ b4(1− t)] + (1− s)[b1t+ b2(1− t)]}∆2
+(1− r){s[b7t+ b8(1− t)] + (1− s)[b5t+ b6(1− t)]}∆2
+r{s[c3t+ c4(1− t)] + (1− s)[c1t+ c2(1− t)]}∆3
+(1− r){s[c7t+ c8(1− t)] + (1− s)[c5t+ c6(1− t)]}∆3}nT000
= {r{s[t(I + a3∆1 + b3∆2 + c3∆3) + (1− t)(I + a4∆1 + b4∆2 + c4∆3)]
(1− s)[t(I + a1∆1 + b1∆2 + c1∆3) + (1− t)(I + a2∆1 + b2∆2 + c2∆3)]}
+(1− r){s[t(I + a7∆1 + b7∆2 + c7∆3) + (1− t)(I + a8∆1 + b8∆2 + c8∆3)]




























·(I + a3∆1 + b3∆2 + c3∆3)y1 (I + a4∆1 + b4∆2 + c4∆3)x1−y1
·(I + a1∆1 + b1∆2 + c1∆3)z1 (I + a2∆1 + b2∆2 + c2∆3)i−x1−z1
·(I + a7∆1 + b7∆2 + c7∆3)y2 (I + a8∆1 + b8∆2 + c8∆3)x2−y2















































in which Pijk and Qix1,x2,y1,y2,z1,z2 are defined in (12) and (13) respectively, and
x1 + x2 = j, y1 + y2 + z1 + z2 = k.
This completes the proof.


















































































































That is, Pijk can be computed as a convex linear combination of H
i,j,k
x1,j−x1 in a recursive way. Analogously, it can be proved that
Hi,j,kx1,j−x1 can be also evaluated recursively. Furthermore, from (13), we can find that Q
i
x1,x2,y1,y2,z1,z2
can be computed as a
convex linear combination of Tijk in a similar recursive way as de Casteljau algorithm. Hence, the proposed conversion approach
is stable and efficient.
Starting from the same Bézier tetrahedron in Figure 2 and Figure 3, Figure 6 and Figure 7 present two examples for the exact
conversion from a Bézier tetrahedron to four Bézier hexahedra.
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(a) Original Bézier tetrahedron (b) Bézier hexahedra after exact conversion
(c) Control lattice of Bézier hexahedra (d) Exploded view of four Bézier hexahedra
Figure 6: Exact conversion from a Bézier tetrahedron to four Bézier hexahedra.
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(a) Original Bézier tetrahedron (b) Bézier hexahedra after exact conversion
(c) Control lattice of Bézier hexahedra (d) Exploded view of four Bézier hexahedra
Figure 7: Exact conversion from a Bézier tetrahedron to four Bézier hexahedra.
5.2 Properties of the conversion method
From the parameter transformation in (14), we can obtain some interesting properties of the proposed conversion approach.
Firstly, after some straightforward computation, we can prove that the Jacobian of the parameter transformation φ in (14) is
non-zero. Hence, we have the following proposition,
Proposition 4. If the original tetrahedral Bézier volume is non-degenerate, then the four tensor-product Bézier volumes obtained
by the proposed conversion method are also non-degenerate.
On the other hand, Bézier tetrahedra with continuity constraints have been used as powerful tools in isogeometric analysis
[7, 28, 24] to represent complex geometry with arbitrary topology. By the proposed conversion method, we can convert the
Bézier tetrahedra into a set of Bézier hexahedra, which are the standard data format in CAD systems. Furthermore, we have the
following proposition for the smoothness between the resulting Bézier hexahedral elements,
Proposition 5. A Ck tetrahedral spline solid S(u, v, w) with N tetrahedral Bézier volumes can be converted into an unstructured
Gk trivariate spline representation X(r, s, t) with 4N tensor-product Bézier volumes.
Proof. From Theorem 3, we can convert the trivariate spline volume S(u, v, w) into a set of tensor-product Bézier volumes by the
parameter transformation φi for each sub-volume Xi . Without loss of the generality, suppose that X1 = S1 ◦ φ1, X2 = S2 ◦ φ2,
hence along the common interface P12 between S1 and S2, we have X1 ◦ φ−11 = X2 ◦ φ
−1
2 . Furthermore, since S1 and S2 are
Ck-continuous along their common interface P12, according to the definition of geometric-continuity in [20], X1 and X2 are
Gk-continuous along the common interface.
6 Conclusion
In this paper, motivated by volume modeling in isogeometric analysis, we propose two kinds of exact conversion approach from a
tetrahedral Bézier volume to tensor-product trivariate Bézier representation with the same degree. The explicit formula is given
to compute the control points of the resulting tensor-product Bézier volumes. We also prove that if we apply this approach on
each tetrahedral Bézier elements of the tetrahedral spline volume with Ck-continuity, then an unstructured set of tensor-product
Bézier volumes with Gk-continuity can be achieved. Experimental results show the effectiveness of the proposed methods.
In the field of high-order mesh generation, a Bézier tetrahedron is usually used as a high-order element. As part of future
work, we will investigate the application of the proposed methods (especially the second approach) in the field of high-order mesh
generation.
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